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Introduction Background Trying the Obvious Can it be Done? Conclusion

Overview

Does the Powerset monad distribute over the Delay monad?

We will:


 Try the obvious parallel computation


 See that it fails - Rasmus Møgelberg and Andrea Vezzosi


 Discover why it fails not because of idempotence!


 Prove that it is impossible ...because of idempotence.
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Monads

Why use monads?

Models of Computation: non-determinism, probability, ...

Why combine monads?

Modelling multiple computational effects.

What are monads?

Functors with some structure:

xM, η : 1ÑM, µ : MMÑMy

Powerset monad for non-determinism:

xP, ηP , µPy

PpX q � tY |Y � X finiteu

ηPpxq � txu

µPpY q �
¤

Y

t1p0q, �p2qu

1 � x � x

x � py � zq � px � yq � z

x � y � y � x

x � x � x
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Delay Monad
For recursion / computation steps

Coinductive version:
xD, ηD, µDy

DpX q �X �DpX q
ηDpxq � now x � inl x

step x � inr x

µDpdq � ‘adding steps’

µDpstep nowpstep step now xqq � step step step now x
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Set of computations:

Computation of a set,

via parallel computation:

Total time: max of computation times
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Parallel Computation

More precise:

λtnow x , now yu � nowtx , yu

λtstep d , now yu � steppλtd , now yuq

λtstep d , step d 1u � steppλtd , d 1uq

so:

tstep step now x , now y , step now zu ÞÑ step step nowtx , y , zu

Not a distributive law!

Why? NOT idempotence!



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

More precise:

λtnow x , now yu � nowtx , yu

λtstep d , now yu � steppλtd , now yuq

λtstep d , step d 1u � steppλtd , d 1uq

so:

tstep step now x , now y , step now zu ÞÑ step step nowtx , y , zu

Not a distributive law!

Why? NOT idempotence!



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

More precise:

λtnow x , now yu � nowtx , yu

λtstep d , now yu � steppλtd , now yuq

λtstep d , step d 1u � steppλtd , d 1uq

so:

tstep step now x , now y , step now zu ÞÑ step step nowtx , y , zu

Not a distributive law!

Why?

NOT idempotence!



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

More precise:

λtnow x , now yu � nowtx , yu

λtstep d , now yu � steppλtd , now yuq

λtstep d , step d 1u � steppλtd , d 1uq

so:

tstep step now x , now y , step now zu ÞÑ step step nowtx , y , zu

Not a distributive law!

Why? NOT idempotence!



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu

ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu

λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

PDD DPD DDP

PD DP

λD Dλ

PµD µDP

λ

tstep nowpnow xq, nowpstep now yqu ÓPµD tstep now x , step now yu

λ
ÝÑ step nowtx , yu

tstep nowpnow xq, nowpstep now yqu
λD
ÝÝÑ step nowptnow x , step now yuq

Dλ
ÝÝÑ step nowpstep nowtx , yuq

ÓµDP step step nowtx , yu



Introduction Background Trying the Obvious Can it be Done? Conclusion

Parallel Computation

So what went wrong?
Nothing specific to Powerset!
Only ingredient: “structure with two elements”.

Theorem

Parallel computation is never a distributive law for MD Ñ DM if M is
presented by a theory with a binary term.



Introduction Background Trying the Obvious Can it be Done? Conclusion

No Hope for Powerset

What can we do?
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λtstep d , step d 1u � steppλtd , d 1uq
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PDf DPf PDf DPf

t?u � H t?u � txu t?u � tyu t?u � tx , yu
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No Hope in General?

Theorem

There is no causal distributive law MD Ñ DM, if M is presented by a
theory with an idempotent and commutative term.

MDκ Ñ DκMñMD Ñ DM

MD Ñ DM÷MDκ Ñ DκM

Example in the paper.
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Conclusion

We saw:


 Parallel computation fails to give a distributive law.


 Distributive law PD Ñ DP impossible.


 Idempotence destroys causality.

More in the paper!


 Sequential computation:


 Fails because of idempotence.

 Works for balanced equations.


 Dist laws for Exceptions, Reader, State, Selection.

A bit of hope:
Parallel computation does give a distributive law up to weak bisimilarity.
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